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Abstract. The problem of specification of self-adjoint operators corresponding to 
singular bilinear forms is very important for applications, such as quantum field 
theory and theory of partial differential equations with coefficient functions being 
distributions. In particular, the formal expression —A + g6(x.) corresponds to a non- 
trivial self-adjoint operator H in the space 

L2(Rfi) only if d < 3. For spaces of 
' larger dimensions (this corresponds to the strongly singular case), the construction 

of H is much more complicated: first one should consider the space L-^(IR'^) as a 
subspace of a wider Pontriagin space, then one implicitly specifies H. It is shown 
. in this paper that Schrodinger, parabolic and hyperbolic equations containing the 

I operator H can be approximated by explicitly defined systems of evolution equations 

^ |. of a larger order. The strong convergence of evolution operators taking the initial 

' condition of the Cauchy problem to the solution of the Cauchy problem is proved. 
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1. Introduction 

1. The main difficulty of quantum field theory is the problem of divergences [1] 
which arise since the evolution equations of quantum field theory are ill-defined. 
It is suitable to investigate such problems, making use of the simpler quantum 
mechanical models which illustrate some of difficulties of quantum field theory. 
One of such models is the Schrodinger equation for the particle moving in the 
external singular potential: 

i'^-Hm. (1.1) 

where t G M, tl^^t) G 7i = L^(]R'^), while the Hamiltonian operator H is formally 
written a,s H = —A + (f>{'x), v?(x) is the operator of multiplication by a distribution. 
Such models were considered in [2-14]. As an example, one can consider the 
function v?(x) = a + gS{'x), where a > 0, (7 G M. Then 

Hg = -A + a + g6{x). (1.2) 
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The more general example of H than (1.2) is the following formal expression: 



Hg'^ = f'^ + gxM). (1.3) 

Here T is a positively definite self-adjoint operator in Ti. Making use of the operator 
T, construct the scale of Hilbert spaces ... C H'^ C C H = C H'^ C H''^ C 
.... The space is a completion of the subspace n^iD(T") of the space H with 
respect to the norm: =< V'? >k= (V'l^^V')- The function x entering to 

eq.(1.3) should belong to the space 7i~'^ for some k. Expression (1.2) is a partial 
case of (1.3) for T = -A + a, x(x) = 5(x) G H''' at k > d/2. 

To define eq.(l.l) mathematically, one should specify a self-adjoint operator in H 
corresponding to the formal expression (1.3) (in particular, (1.2)). For x G H 
(d < 3), this problem is solved as follows [2]. One should consider the restriction of 
the operator T to the domain 

{i; e n^^,D{f^)\{f-'^x,T''i^) = 0} (1.4) 

(for the partial case (1.2) the domain is {ip e S'(M'^)|'0(O) = 0}. One justifies that 
the defect indices of this symmetric operator are (1,1). Making use of the standard 
procedure (see, for example, [15]), one constructs the one-parametric set {Hg} of 
self-adjoint extensions of the operator T. It is in one-to-one correspondence to the 
one-parametric set of formal expressions (1.3). 

2. For the strongly singular case, i.e. for x ^ '^"^ (<^ > 3), the operator T consid- 
ered on the domain (1.4) is essentially self-adjoint, so that the considered approach 
docs not allow us to construct a non-trivial self-adjoint operator corresponding to 
the formal expression (1.3). It was noted in [16,17,5,6] that one should consider 
an indefinite inner product space instead of the space 7i in order to construct a 
non-trivial self-adjoint operator H in the strongly singular cases. 

A self-adjoint operator H in the Pontriagin space [18] corresponding to the 
expression (1.3) was specified in [4] (see also [7]), provided that x ^ 'H~^^^\H~^ for 
some k. Here m = [k/2]. One-parametric set of formal expressions (1.3) corresponds 
to the /c-parametric set of operators H in Il[i^/2]{92, Qk)] k — 1 parameters specifies 
the inner product, while one parameter is an analog of g. Denote the operator 
constructed in [4] (see section 2) as H{g2, •••,5'fe)CK)- Therefore, the equation 

i^ = H{g2,...9k.a)m (1-5) 

for V(i) e ^[k/2]{92, ■■■,9k) defined. 

According to the analog of the Stone theorem for the Pontriagin spaces [19,20], 
the operator H is a, generator of a one-parametric group of unitary operators e~*^* 
in H^. The operator U{t) = e-'^^32,-,9k,o^)t restricted to D{H{g2, gk, a)) is 
an operator taking the initial condition of the Cauchy problem for eq.(l.l) to the 
solution of eq.(l.l). 

3. The problem of constructing approximations of singular equations (1.5) often 
arises [3]. This problem is also important for quantum field theory [21]. 

It was shown in [10] that for m = the operator transforming the initial condition 
for the Cauchy problem to the solution of the Cauchy problem for eq.(1.5) can be 
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approximated in the strong sense as n — > oo by the evolution operator for the 
equation 

.di^n{t) 



dt 

provided that 



(xn,V'n(t)), Mt)^n (1.6) 



I \f-\n - f'W I ^n-oo 0, + iXn, f'^n) ^n-oo -a'^ (1.7) 

Note that for aU x ^ there exist sequences G M, Xn € obeying (1.7), for 

example, Xn = e"'^/''x, gn = -(a"^ + {xn,f-^Xn))~^- 

This paper deals with the construction of an approximation for eq.(1.5) for the 
strongly singular case (for m 7^ or A; > 1). The approximation (1.6) cannot be 
applied then. It happens that the resolving operator for the Cauchy problem for 
eq.(1.5) (the t-dependent operator transforming the initial condition of the Cauchy 
problem to the solution of eq.(1.5) at fixed t) can be viewed as a limit as n — cxd of 
resolving operators for the Cauchy problem of the system of differential equations 
of a larger order: 



= TMt) + Cn{t)Xr 



(1.8) 



Here Cn{t) G C is a complex function, ijjnit) is an element of the space H. The limit 
should be considered in a generalized strong sense [22,23]. The following conditions 
are imposed: 



Zs,n + (Xn; T Xn) ^n^oo gsj S — 0, k 1, , . 

||T-^(Xn-X)||-n^ooO. ^'-'^ 

Here g\ = —a~^. 

For the partial case k = 1, the left-hand side of the second equation of system 
(1.8) contains only one term. Therefore, system (1.8) is equivalent to eq.(1.6). 
If one increases k, the number of parameters Zs.n is also increased, so that the 
terms with derivatives of higher orders appear. The procedure of adding such 
terms ("counterterms") is analogous to quantum field theory procedure of infinite 
renormalization of the wave function [1]. 

In particular, the Schrodinger equation with the (5-potential which was con- 
structed in [4] is formally written as 

i^^^!^^^ = [-A + a + gS{x)]ilj{x,t), x e M^. 
It appears to be the limit as n — > oo of the system of equations on 'il;n{x,t) and 

Cn{t) 

.di^ = [-A + a]M^,t) + Cnit)xnix), 

ZO,nCnit) + ... + i''~'^Zk-l,n^-at^^ = J dyXniy)'4^niy,t), 

provided that k — [d/2], Xn ^ ^ in the ?i~^~-'^-norm and sequences Zg^n + 
(Xn5 T~^~^Xn): s — 0, k — 1, are convergent as n — > oo. 
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4. Besides Schrodinger equation for the particle moving in the singular potential, 
other equations appear in the applications. Evolution of relativistic particle in the 
external scalar field is described by the Klein- Gordon- type equation [1] 

-'^=H{92.....9k.a)m: (1-10) 
The Schrodinger equation in the imaginary time is also considered 

-^ = iy(^2,...,^.,aMt). (1-11) 

After specifying the operator H{g2, ...,gk,oi) eqs.(l.lO) and (1.11) become well- 
defined. It happens that eq.(l.lO) can be approximated by the system 

ZQ,nCn{t) - Zl,n^^ + - + (-l)^-^-2fc-l,n ^'l^-i'^ = (Xn, V'n W), 

while the approximation for eq.(l.ll) is 



Z0,nCnit) - Zi,n^ + •.• + (-l)^-^^fc-l,n ^^^^^ = {Xn, Mt))- 



(1.13) 



Therefore, the evolution operators for strongly singular evolution equations (1.5), 
(1.10), (1.11) which was defined in [4,7] with the help of complicated implicit pro- 
cedure can be approximated in the generalized strong sense [22,23] by evolution 
operators for explicitly defined systems of equations (1.8), (1.10), (1-11). 

2. Formulation of results 

2.1. Strongly singular equations. 

Remind the procedure of constructing the space 11^, and operator H entering to 
eq.(1.5). 

First of all, consider the space 'Pm containing all linear combinations of the form: 
ip = Ylf^i c/^~'x + V'reg, where q e C, ipreg £ H^'^. The inner product in this 
space is specified by the k — 1 real parameters g2, gt- Set 

(X, T-''x)reg = 9s foT S < k, 

{X,T-'x)reg iX,f-'x) foT S > k + 1. 

The inner product in Vm is 

<ljj^l/j>= Efj=l C*Cs(x, f-^~''x)reg + ('i/'reg, ^reg) + 
+ ESi Csif^A^g, f-^-'x) + ESi clif-^-^X. f^Aeg). 

This expression is well-defined, since T-'^-^x eHfoi k>l, while T^^Vreg e 

Consider the completion [18] of the space Vm which is a Pontriagin space 11^ 
with m = [k/2]. It has the structure = C^^^ © H: 

Um = {(7, P, = (71, 7m) eC^.p^ (pi, pm) eC^.ife H}. 

4 



Introduce an indefinite inner product in as follows: 



m m 
su=l s=l 

The one-to-one correspondence / : Vm between Vm and a dense subset of 

the space can be specified as I{Y^^=i ciT~^x + V'reg} = (7; P) v)-, where 

7l = •••,7m = -Cm^ 

Pi = Y.]=m+l(^li'X.T-^~^x)reg + {f-^xAreg): 

Pm = E'=m+1 Cl{x,f-'-^x)reg + (T— X, V're.), 
^ = E^r^+l ClT~^X + i^reg- 

The following statement has been proved in [4,7]. 

Lemma 2.1. The continuation of the mapping I is a one-to-one correspondence 
between the completion of the space Vm and the space Ilm- 

Instead of the unbounded operator H, it is more convenient to define the bounded 
operator H~^. Consider the formal equation Hip = (j), Tip + gxix^ ^) = (p and find 
(formally) V: V' = f'^ <j> + aT-\{f-\, cj)) . Here a = ' i/g+^^T-^^y Therefore, 
define the operator in the space Vm as follows: 

^- V = T- V + af-'x < T-'X, > • (2.1) 

One should also specify a one-to-one correspondence between a and g. For the 
case m = 0, definition (2.1) is in agreement with the approach based on self-adjoint 
extensions [2]. 

The operator (2.1) can be continued [4] to the space 11^^. Thus, the operator 
can be viewed as a continuous operator in the Pontriagin space 11^,. It does 
not have zero eigenvalues for a ^ 0. The inverse operator H = {H~^)~^ is then 
[18] a self-adjoint (generally, unbounded) operator in 11^. 

Therefore, space 11^ and operator H are constructed. 

2.2. Approximation of a strongly singular equation. 

Formulate now the main results of the paper. 

The resolving operator for the Cauchy problem for system (1.8) approximates 
the resolving operator for the Cauchy problem for eq.(1.5) in the general strong 
sense. Remind the corresponding definition [22,23]. 

Let B and Bn, n = 1,2, ... be Banach spaces, Pn : B ^ Bm n = 1,2, ... be a 
sequence of operators with uniformly bounded norms: ||Pn|| < o, < oo for some 
n-independent quantity a. 

Definition 2.1. We say that a sequence of operators An : Bn — > Bn, n = 1,2, ... 
is {Pji} - strongly convergent to operator A : B ^ B, if for all v & B the property 
\\Pn,Av — AnPnv\ \ -^n^oo is Satisfied. 

Note that a generalized strong limit of a sequence of operators depends (gen- 
erally) on the choice of the sequence {Pn}', this fact is used in the theory of the 
Maslov canonical operator in abstract spaces [24,25]. 
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Definition 2.2. Let G B^, n = 1,2, u & B. We say that a sequence {un} is 
of the class [u] (or is {Pn}-strongly convergent to u), if \ \un — Pnu\\ — > 0. 

n^oo 

Set B = Um- Denote by Bn = C^"^ ® H the space of sets $n = (c° , c^"^, ipn) 
of numbers c° , c^~^ e C and a vector ETC. Define an indefinite inner product 
in the space Bn as follows: 

fe-2 

< $n >= (V'n, V'n) + J] 4*Cn^J+*+l,n- (2-2) 

ja=0 

Here 2; ,^ = as Z > by definition. 

Lemma 2.2. Let Zk-i,n ^ 0. Then the inner product (2.2) contains m negative 
squares. 

Note that the condition of lemma 2.2 is satisfied at sufficiently large n. 

The system (1.8) can be presented as a differential equation of the first order 

iZn-^^nit) = Hn^nit) (2.3) 
on the vector function ^n{t) £ Bn. The operators Zn and Hn are defined as 

■^n(c^) ; V'n) = (c^5---5C^ , Zk — i^n^n ; V'n)) 

Hni^C^, C^ , 1pn) — 
{ci, C^~^ (Xn, •0n) - ^0,nC° - ... - 2/c-2,nC^"^, fipn + C° Xn)- 

Namely, after redefining z'^Cn(t) = cjj(t) system (1.8) is taken to the form (2.3). 

Lemma 2.3. Letipn{0) e D{f), c^{0), ...,€^-^(0) G C. Then there exists a unique 
solution of the Cauchy problem for eq.(2.3). It continuously depends on the initial 
conditions for t e [0, T] . 

Define the operator Unit) : C'^"^ D{f) C'^"^ D{f) taking the initial 
condition of the Cauchy problem for eq.(1.9) to the solution of the Cauchy prob- 
lem. Since the solution of the Cauchy problem continuously depends on the initial 
condition, the operator Un{t) can be continued to the space Bn. This continuation 
Un{t) : Bn ^ Bn is uuiquc, provided that it is continuous. 

Lemma 2.4. The operator Unit) conserves the indefinite inner product (2.2). 

Introduce the operator Pn : B Bn oi the form P„ : (7, p, (p) (c^, c^~^, ipn) 
as follows. 

For arbitrary k, set 

m — l 

Cn = 71, C"^ = 7m, V'n = - X] 7i+l^"^"^Xn + ^n- 

3=0 

For k = 2m + 1, set (pn = (fi. For k = 2m, set 



Specify the quantities c^, ^ from the relations: 

For sufficiently large n, cj^, c^*""^ are defined uniquely, since Zk-i,n 0- The 
mapping is constructed. 

Lemma 2.5. n ^ oo, < Pn^, Pn^ >^< $, $ >. 
Introduce now Hilbert inner products in B and Bn- 

Remind that a Hilbert inner product in a Pontriagin space is introduced as 
follows [18]. First, an arbitrary m-dimensional subspace Crn C Hm such that the 
indefinite inner product is negatively definite on is considered. Without loss 
of generality, one can consider only the case when the subspace Crn belongs to the 
domain of H [29]. Otherwise, introduce a basis in the space Cm, choose some 
vectors Cj form the domain of the operator H such that the distance between 
and is smaller than e. Consider the span of the set of vectors e^. At sufficiently 
small s the inner product will be negatively definite on the span. 

By J we denote the operator of the form J$ = $ at $ ± Cm and J$ = — $ at 
$ e Cm- According to [18], the bilinear form 

<$,$>£^=<$,J$> (2.5) 

specifies a positively definite Hilbert inner product. The topologies corresponding 
to inner products (2.5) at different Cm are equivalent. 

The inner product (2.5) specified the following norm in B: 

11*11 = V< *,*>£^- (2.6) 

To specify a norm in Bn, let us use the following statement. Let A be a sufficiently 
large positive number such that the resolvent of the operator —Z~^Hn is defined 
at sufficiently large n. Denote = {Z~^Hn + \)~^Pn{H + X)Cm- 

Lemma 2.6. At sufficiently large n the inner product (2.2) is negatively defi- 
nite on the m-dimensional subspace £^ C Bn- At sufficiently large n the in- 
ner product < >p„Cm positively definite on Bn and defines a norm 

ll^nll = V< *'^>P„£^- 

Lemma 2.6 implies the following lemma. 

Lemma 2.7. The operators Pn are uniformly bounded, \\Pn\\ ^ « for some n- 
independent constant a. 

The following lemma gives necessary and sufficient condition for the property 

{(cO , 4-2, ,Pn) eBne [(7, P, ¥')]. Denote (f>n = + Er=~o' cif-^-^Xn- 

Lemma 2.8. {(c° , c^"^, V'n)} G [7, Pi v] if o-nd only if 

limn^oo c° = 71, lim^^oo = 7m, 

limn^oo ||0n - (/^ll = 0, 
lim^_>oo (r Xn5 0n) Zm+l,n(^n ••• ■^2m,nC^ — Pi, 

limn^ooiT~'^+'^Xn, (pn) " 22m-l,nC " ^2m,nC+^ = Pm-1, 

limyj_j.oo (T" X.n,4'n) ^2m,nC^ — Pm- 
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In particular, lemma 2.8 shows that the property of {P^}-strong convergence 
does not depend on the choice of the subspace 

The following lemma shows that any initial condition for eq. (1.5) can be ob- 
tained as a {Prij-strong limit of the sequence of initial conditions for system (1.8). 

Lemma 2.9. For any (7, p,(p) & B there exists a sequence {(c^, c^~^, V'n) £ -^n} 
from the class [7, p, (/?] . 

To prove lemma, it is sufficient to choose (c° , c^~^, ipn) — Pni.1-, P-, 'P)- 
The main result of the paper is formulated as follows. 

Theorem 1. The sequence of operators Un{t) is {Pn}-strongly convergent to U{t). 

Corollary. Le^ {(c^ (0), c^2(o), ^^(0))} e [(7, P, V')]. Then 

{(c°(t),...,4-^(t),V'n(t))}er(7,P,¥')]. 

For nonstrongly singular case (fc = 1 or m = 0) theorem 1 gives the result of 
[10]. 

Formulate analogs of theorem 1 for approximations of eqs. (1.10) and (l-ll). 

Lemma 2.10. Let V'n G D{T), (0), c^-2(0) G C. Then there exists a unique 
solution of the Cauchy problem for system (1.13). It continuously depends on the 
initial condition. For '0(0) G D[H), there exists a unique solution of the Cauchy 
problem for eq.(l.ll). It also continuously depends on the initial condition. 

By Un it) , U it) we denote the operators transforming the initial conditions for 
the Cauchy problems for eq.(1.13), (1.11) to the solution of the Cauchy problems 
for eq.(1.13), (1.11) correspondingly. 

Theorem 2. The sequence of operators Unit) is {Pn}-strongly convergent to U{t). 

Lemma 2.11. Let ■i/'n(0) G -D(T), Cn(0), ci^'^ G C. Then there exists a unique 
solution of the Cauchy problem for eq.(1.12). It continuously depends on the initial 
condition. 

Note that system (1.12) can be presented as 

-^^n{t) = Z-^Hn^n. (2.7) 

Introduce operators Vn{t) and Wn{t) on D{T) from the relation 

$n(t) = Vn{t)^n{Q) + ^n(t)^(0). 

The operator taking $^(0) to the solution of the Cauchy problem for eq.(2.7) at 
d$n(0)/(it = is denoted as Vn{t). The operator taking (i$jj(0)/(it to $n(^) at 
^n(O) = is denoted as Wn{t). Since the solution continuously depends on the 
initial conditions, the operators Vn{t) and Wn{t) are bounded. They are uniquely 
continued to the whole space Bn- 

Analogously, define the operators V{t) and W{t) from the relations 

m = v{t)m+w{t)^{% (2.8) 

where i^{t) G D{H) is a solution of eq.(l.lO), ^(0) G D{H), ^{Q) G D{H) are initial 
conditions. 

Theorem 3. The sequence of operators Vn{t) is {Pn}-strongly convergent to V{t). 
The sequence of operators Wn{t) is {Pn}-strongly convergent to W{t). 



3. Approximation of the space and resolvent convergence 

This section deals with the proof of lemmas 2.2, 2.5-2.8. We also justify that the 
sequence of resolvents of the operators Z~^Hn converges in a general strong sense 
to the resolvent of the operator H. 

1. Lemma 2.2 is a corollary of the following statement. Consider the real 
matrices A and B of the dimensions m x m, which consist of elements A^j and 
Bij: ij = l,m. 

Lemma 3.1. Let the matrix B he invertihle, while the matrix A he Hermitian. 
Then the quadratic form 

m 

\.<^iJ^J + ylB^jX, + (3.1) 

ij=l 

contains m negative and m positive squares. 

Proof. Since the matrix A is Hermitian, it can be taken to the diagonal form 
U^AU — diag[aij ...,am] with the help of an unitary transformation. After sub- 
stitution Xi = X^sLi UisCs cind transformation 77^ = Yl^=i BjiU*gyj the quadratic 
form (3.1) is taken to the form 

m 

Yli'^sC^s + CVs + vt^s] (3.2) 

One has 

CsVs + vUs = m*s + + vs) - (C - vtXCs - vs)], as = 0. 

For both cases, the quadratic form cus^s^s + C^s + VsCs contains one negative and 
one positive square. Therefore, the form (3.2) contains m positive and m negative 
squares. Lemma 3.1 is proved. 

Proof of lemma 2.2. It is sufficient to justify that the quadratic form 

fc-2 

CnCnZ3+s+l,n (3.3) 

38=0 

contains m negative squares (we set zi^n = for Z > k). Take it to the form (3.1). 
Consider 2 cases. 

1. Let k = 2m + 1. Denote Xj = c^~^, yj = c^^^~^, j = l,m, Aij = Zi+j-i^n, 
Bij = Zm+i+j-i,n, hj = 1, Since matrix elements Bij vanish as i + j > m + 1, 
while Bij = Z2m,n ^Oasz+j=m + l, detB ^ 0, and the matrix B is invertible. 
Therefore, the quadratic form (3.3) is taken to the form (3.1) and contains m 
negative squares. 

2. Let k = 2m. Denote Xj = Vj = C^^~^ J = 1,^-1, o- = c^'^. The 
quadratic form (3.3) is taken to the form 

Y.Tj=l [^i^ij^j + y*jB^JXj + X*Bj,yj\ + Z2m-l,n(y*(y+ . . 

Em — Ir * I *i 
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where Aij = 2;j+j_i^^, Bij = Zm+i+j-i,nj ijj = i,Tn — 1. The matrix elements Bij 
vanish at i + j > m and are nonzero at i + j = m. Therefore, the matrix B is 
invertible. The formula (3.4) is taken to the form 

ETJZl[xn^^J - + 2/;^,,^, + x*B,,y,]+ 

Since 2:2^-1, n < 0, the quadratic form (3.5) contains m negative squares. Lemma 
2.2 is proved. 

2. The following statement will be used further. 

Lemma 3.2. The sequence ^^'^^ = p^'^\ (/?(")) e B strongly converges to zero 

if and only if 

||$(-)||i = max[||(^W||,|7(")|,|p(-)|] (3.6) 



s 



tends to zero. 

Proof. First of all, prove the statement for the special choice of the subspace Cm 
entering to the definition of the norm (2.6). Denote by i2*^°^ the subspace of the space 
B, which consists of all vectors of the form (7, p, 0). The quadratic form < $ >, 
considered on C^'^\ contains m negative squares, so that for some subspace Cm C 

£(0) 

it is negatively definite. Consider the Hilbert inner product (2.6) corresponding 
to Cm- It has the structure 

2m 

Y,<Msixi + {if,^). (3.7) 

s/=l 

where xi = 71, Xm = 7m, Xm+i = Pi, X2m = Pm, M^i is a some matrix. 
Since the inner product (3.7) is positively definite, the matrix Mgi is also positively 
definite. 

Thus, strongly converges to zero if and only if llv?*-"^-*!! tends to zero and 

\X^ ^^.-x 

(n) 

are equivalent, the latter property is equivalent to max\xs | ^ 0. Since all norms 
of the type (2.5) in the Pontriagin space are equivalent, we obtain the statement of 
the lemma for arbitrary choice of Cm- Lemma is proved. 

Corollary. For some Ai the following property is satisfied: A^^\\^\\i > ||$|| > 
^ill^lli- 

Proof. Suppose that statement of corollary is not satisfied. Then it is possible to 
choose a sequence ^^'^^ which obeys one of the following properties: 



^"■''IIm = yY^JiLi xi"'^* Msix^^^ 0. Since all norms in finite-dimensional space 



||$H|| -^^"^ ||$(n)||i 

For definiteness, consider the first case. Consider the sequence 

^ tending to zero in the 1 1 ■ | |i-norm and to infinity in the 1 1 ■ | |-norm. 



This contradicts to lemma 3.2. Corollary is proved. 
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Consider the operator Q„ : B„ — > B of the form Qn : (c°,...,c^ ^^V'n) ^ 

7n = 4~^ j = hm, (3.8) 
Introduce in B an additional indefinite inner product: 

m m 

< $ >„= 5] 7:7u^Su - Yl^llPs - IsPl) + l^', (3.9) 

where 

^f") = (Xn,T-'Xn)+^Z-l,n. (3.10) 

Lemma 3.3. T/ie following property < >=< Qn^n, Qn^n >n, is satisfied 

for $n,*n e Sn. 

To prove lemma 3.3, it is sufficient to substitute formulas (3.8) to the inner 
product (2.2). 

Corollary. Let ^^^^n ^ be such sequences that \\Qn^n\\ < C, \\Qn^n\\ < C 

for some C. Then < Qn^n, Qn'^n > - < $n, *n >^n^oo 0. 

Proof. Denote Qn^n = = {ln,Pn,fn), Qn^n = Xn = {ln,Pn,(Pn)- Statement 

of the corollary means that 



^ ] 7n,s7n,u(^s4-u 9s+u) ^n^oo 0. 
su=l 



This property is a corollary of lemma 3.2. Corollary is proved. 

Lemma 3.4. For some quantity C that does not depend on n, $ and ^ the esti- 
mation I < >n I < C||$||||\E'|| is satisfied. 

Proof. Let $ = (7, p, <^), = (7, p, (p). It follows from (3.9) that 

Ern=l(l7s||7..||^lil + I7.IIP.I + \ls\\Ps\) + ii^iiii^ii < 

Er.=iii$iiiii*iii(^7i+U2)+ii$iiiii^'iii 

<^!ll$llll*ll(Er.=i |^ffj+2m2 + l). 

Since the sequences g^J^u convergent, they are bounded. We obtain statement 
of the lemma. 

Corollary. Let G B. Then the following estimation is satisfied: \ < 

^ni^n I ^ IQn^n 1 1 1 IQn^n 1 1 • 

Let us check that the sequence of the operators QnPn ■ B ^ B strongly converges 
to 1. Justify the following statement. 
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Lemma 3.5. Let ^ e H and \\f^/^9{b-f)^\ \ < C for some b-independent quantity 
C. Then i&V} (ZH. 

Proof. Consider the sequence = d{n — T)^. Suppose it to be not fundamental 
in Ti.^. Then for some e > there exists such an increasing sequence ni,n2,n3, ... 
that -Cnzs-iWn^ = \\I[n2s-i,n2s]iT)^\\'H^ > s (here /[m,n](A) = 1 at A e [m,n] 

and I[m,n]W = at A ^ [m, n]). Therefore, 

I 

8=1 

For I > C/£, we obtain a contradiction with the conditions of lemma. Therefore, 
^ = lim^^oo Cn £ Ti-^- Lemma 3.5 is proved. 

Corollary. Let x e H'''-'^ and \\f-''/'^e{b - f)x\\ < C. Then x e H'^ for some 
b-independent quantity C . 

Lemma 3.5 implies the following statement. 

Lemma 3.6. 1. The sequence \ \T~^/'^Xn\\ tends to infinity as n ^ oo. 

/ji— fe/2 

2. The sequence of elements of Ti. of the form weakly converges to 

zero as n ^ oo. 

Proof. 1. Suppose that the sequence ||T~'^/^x„|| does not tend to infinity. Choose 
from it the bounded subsequence ||T~'^/^x„^. || < C. One has: 

\\f->'/^6{b-t)xn,\ \ < IIT-'^/V,!! <c. 

Consider the limit of the left-hand side as j oo. Use the fact that the operator 
TV2^(5 _ f) is bounded. We obtain: \\f-^/^e{b - f)x\\ < C. It follows form 
lemma 3.5 and property T~~^x ^ that T~'^x ^ so that x ^ 'H~^ . This 
contradicts to the condition x ^ 'H~^~^ VT^. 

2. Denote r/^ = pS^- « C e i^(TV2), one has: 

^^"'^^ - ||f-fe/2v II 
II-'- Anil 

Since (T-^Xn,TV2e) (T-^x,^^^^) ^ oo, \\f-^'\n\\ -n^oo oo. 

Thus, the sequence r/^, n = 1, 2, ... of the elements of the unit sphere in H. weakly 
converges to zero on dense subset of H. Therefore [22], the sequence r]n weakly 
converges to zero. Lemma 3.6 is proved. 

Lemma 3.6 implies that Zg^n < for sufficiently large n. 

Corollary 1. Let ^ & B. The following property is satisfied: QnPn^ -^n^oo 

Proof. It follows from the definitions of the operators Qn and P^ (3.8) and (2.4) 

that QnPn 

(7, p, if) = (7, p, ipn), where (pn = (p for odd values of k and 

, f-^Xn[Pm-{f-^Xn,<p)] 
iPn — (fi -\ ^ 

(Xn,T-2-Xn) 

for k = 2m. It follows from lemma 3.5 that (fin strongly converges to as n ^ 00. 
Lemma 3.6 is proved. 
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Corollary 2. The sequence QnPn unifovTnly hounded. 

. Namely, any strongly convergent sequence is uniformly bounded [26]. 

Proof of lemma 2.5. Let $ G i3. It follows from lemma 3.6 that the sequence 
IIQ^P^^II is bounded. Corollary of lemma 3.4 tells us that 

< Pn$, Pn^> - < QnPn^, QnPn^ >^n^oo 0. 

It follows from lemma 3.6 that < QnPn^,QnPn^ >^n^oo< >■ We obtain 
statement of lemma 2.5. 

3. Let us obtain the commutation rule between operator Q„ and resolvent of 
the operator Z~^Hn- 

Denote by -Rn(A) the operator in B that takes the set 

{ln,l, 7n,m, Pn,l, Pn,m, V'n), 7n,s, Pn,s & C, ^ 'H, tO the Set 

(7n,i, 7n,m, Pn,i' Pn,m, <^n), which is Specified from the relations 



7n,s = A7„,s + 7n,s+i, s = l,m-l. 



7.m 

-'n 5 



yn,m — 

Ql 7n,l + ••• + Qm ln,m + gm+l^n " Pn,l " Apn,l, 

where gn^ has the form (3.10). 

Lemma 3.7. The following property is satisfied: Qn{Z~^Hn + A)~^ = Rn{X)Qn- 

Proof Let = (0° , C^-^, Vn) e Bn, = (^n'^n + A)-l$n = 

(c°,...,c^-^7/'„) e Bn. Denote 

Qn^n — (7n,l; '^n,m-i Pn,l: Pn,m-i '^n)-) 
Qn^n — iS)n,l-i ^n,m-i Pn,l; •••5 Pn,m-i '-fri)- 

Check that Qn^n = Rn{^)Qn^n- It foUows from definitions of operators and 
Hn that 

cO = Ac° + 

c^3 = Ac^3+c^^ (3.12) 

l/jn = AV'n + T'V'n + C°Xn- 

Formulas (3.8) imply 3 first equations of the system (3.11). We obtain the 4-th 
and the 5-th equation form formulas for p and p. The last equation is a corollary 
of eqs.(3.12). Lemma 3.7 is proved. 

Denote 

an(A) = El=i' gi-'H-Xy-'-^'- - A(xn, f i(f + A)-ixn), 

a(A) = lim„^ooan(A) = ^^m+l ^^^_^^,_i_2^ _ ^^^^ ^_2^-l^^ ^ 

(3.13) 

13 



Lemma 3.8. Under condition a„(A) ^ 0, the quantities 7, p, (p are defined 
uniquely form the system (3.11). Under condition a(A) 7^ the sequence of op- 
erators Rn{^) being defined for n >no is strongly convergent as n — > 00. 

Proof Let (7, p, ip) e B. Set 7n = 7, Pn = P, Pn = V, Rn{^){l, P, = {in, Pn, <fn)- 

It follows from (3.11) that ^n,i has the form: 

7n,i = (a„(A)(-A)2-)-iS,(A), (3.14) 

where 

Bn{X) = - ET=1 gs""^ E;=o(-A)^7n,.-,-l + ET~o\->^ypn,J + l + 

For a„(A) 7^ 0, ^n,i is not defined. For this case, other components of the vector 
7„, vectors pn and 0ri ^ire defined uniquely from system (3.11). 

For a(A) ^ 0, the sequence ^ri,i is convergent. We prove by induction that the 
sequences 

%,s = Ej=o(--^)^7s-j-i + 

are also convergent as n — > 00. Therefore, the sequence for elements 7i of the form 

<fin = {f + A)-V - CT-'^iT + X)-\n (3.16) 
is also strongly convergent as n — > 00. The sequence Pn,m is taken to the form 

Pn,m = ((T + A)-lT-"^Xn, ^) ' C [^2m,n + (Xn, ^-''"(T + Xy^Xn)] (3.17) 

and has a limit as n — > oo. Therefore, sequences 

s-l s-1 
Pn,m-s = Y.Pn,m-s-j-l{-Xy + (-A)«p„,^ - + l (-A)^C- (3.18) 

are convergent. Therefore, the sequence (7^, Pn, <^n) is convergent in the 1 1 ■ | |i-norm. 
Because of corollary of lemma 3.2, it is convergent in the norm || • ||. Lemma is 
proved. 

Denote -R(A) = lim^j^oo -Rn(A). It follows from proof of lemma 3.8 that -R(A) is 
a bounded operator. 
We will use further 

Lemma 3.9. Let : B ^ B, n = 1,2,... be a strongly convergent as n — > oo 
sequence of operators, — ^n—^oo 

A and A^Qn = 0. Then A = 0. 

Proof. It follows form the condition of lemma that AnQnPn = 0. Lemma 3.6 
implies that the sequence of operators QnPn : B ^ B is strongly convergent to 1, 
so that AnQnPn -^n->-oo ^ in a strong sense. Therefore, ^ = 0. 
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Lemma 3.10. Let a(A) ^ 0, a{iJ,) ^ 0. Then 

R{X) - R{ii) = (a* - X)R{X)R{ii). 



(3.19) 



Proof. Consider the following sequence of operators A^- = Rn{X) — Rn{lj) + 
(A — iJi)Rn{X)Rn{lJ)- satisfies the property AnQn — and strongly converges as 
n ^ oo to R{\) — Ri/j) + (A — iJ,)R{X)R{iJ,). We obtain statement of lemma. 

Lemma 3.11. Under condition a(A) ^ the following property is satisfied: 

R{X) = {X + H)-\ (3.20) 



Proof. Justify that for A = the operator R{X) coincides with the operator H ^ 
defined in section 2. Find an explicit form of H~^. It follows from (2.1) that 



2m 2m 



1=1 1=1 

where a =< T"^x, Yli=i cif~^X + i^reg >■ 

^ Denote I[El=iCif-'x + i^reg] - (7,P,¥'), "a^'-'x + qT-^-^x + 

T~'^ipreg] = {l,P,'f)- One has: 

(^ = -7^T---ix + T-V, 
7i = -oia, 72 = 7i, , 7m = 7 m- 1, 

Ps = -(X,^'""^~*~^X)reg7m S = 1, m - 1, 

Pm = -{x,T-^'^-^x)reglm + (T"— ^X,*/^)- 

The formula (3.14) can be presented in the following form as n — cxo: 71 = (7f ^ (pi — 
^T=o9s+i1s)i For the case a = —gi^ it coincides with 71 = —aa. Formulas (3.15) 
- (3.18) also coincide with (3.21). Therefore, property (3.20) is satisfied as A = 0. It 
follows from (3.19) that R{X) is a pseudoresolvent [22], Therefore, property (3.20) 
is satisfied for all A obeying the condition a (A) ^ 0. 

Lemma 3.12. Under condition a(A) 7^ the following property is satisfied: 

< {Z-^Hn + A)-lP„$, {Z-^Hn + Xr^Pr,^ >^n-oo 

< (^ + A)-i$,(^ + A)-i* >, $,*e-B. 

Proof. Check that the conditions of the corollary of lemma 3.3 are satisfied. Namely, 
for ^> e B one has 

\\QnZ-^H^ + X)-^P^^\ = \\{H + X)-^QnPnm < 
\\{H + X)-^\\ine^n\\QnPn^\\<C. 

An analogous property is correct for also. Therefore, 

< {Z-^Hn + A)-1P„$, {Z-^Hn + X)-^Pn^ > 

-<{H + X)-^QnPn^. {H + Xy^QnPn"^ >^n^oo 0. 
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The properties QnPn^ — ^ ^5 QnPn^ * imply the statement of the lemma. 

Proof of lemma 2.6. Choose such a basis ei, Cm in Crn that obeys the condition 
< ei,ej >= Sij. To prove negative definiteness of the inner product on = 
{Z~^Hn + \)~^Pn{H + A)£„i5 it is sufficient to check the positive definiteness of 
the matrix 

A^^ = -< {Z-^Hn + X)-'Pn{H + X)ei, {Z-^Hn + X)-'Pn{H + A)e,- >, (3.22) 

Its components tend to the components of the unit matrix according to lemma 3.12. 
At sufficiently large n - 1|| < 1/2, so that 

l||^||2_||^(n)_i||||^||2>o_ 

Positive definiteness of the inner product < is a corollary of general 

results of [18]. Lemma 2.6 is proved. 

Lemma 3.13. Let \ < P^^, > | < for some constant Bi, < 

{Z~^Hn + \)~^Pnei,Pn^ > \ < Ci\\^\\, 1 = 1, Tu for some Ci,...,Cm- Then 

\\Pn\\ < a. 

Proof. It follows from formula (2.5) that: 

+2E5=i < Pn'^, {Z-'Hn + Xr'Pne^ > M^f 

X < {Z-^Hr, + X)-^Pnej,Pn^ >, 

where M^"^) is a matrix being inverse to (3.22). It follows form the conditions of 
lemma that 

m 

||Pn$|P<(Si + 2 J]C,M^"^C,)||$|P< (Si + 2sup||M(-)||||C'||2)||$||2. 
We obtain statement of lemma 3.13. 

Proof of lemma 2.7. Check that conditions of lemma 3.13 are satisfied. Use the 
corollary of lemma 3.4. 

I < Pn^,Pn^ > I < C(sup„||QnP„$||2 < Ci, 

\{Z-^Hn + X)-^Pr,e,,Pn<5>\< 

C snp^ \\Qn{Z-^Hn + A)-ip^e,|| sup, IIQ^Pn^ll < 
C\\{H + X)-'\\{sup^\\QnPn\\mH + X)ei\\m\- 
Lemma 2.7 is proved. 

Lemma 3.14. ||$n|| < ^sHQn^nll for some constant A3. 
Proof. One has: 

ll^nlP =< ^n,^n > + 
2E"=1 < ^n,(^n'^n + A)-lP„e, > M^f < {Z'^ + X)'^ P^Bj^^n >, 

It follows form lemma 3.4 that 

\\^n\? <C\\QA\? + 

2Ei;=ll<"V'llQn^n|P||^n(A)|niQnPn|ni(^ + A)e,||||(^ + A)e,-||. 

We obtain statement of lemma. 
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Lemma 3.15. Let the condition a(A) ^ be satisfied. Then the sequence of op- 
erators {Z~^Hn + A)~^ : Bn ^ Bn is {Pn}-strongly convergent to the operator 
{H + X}-^ :B^B. 

Proof. It is sufficient to check that for any $ e B 

WiZ-'Hn + X)-'Pn^ - Pn{H + A)-l$|| ^„^oo 0. 

It follows from lemma 3.14 that ||^*n|| 0, provided that ||Qn^n|| 0. It is 
sufficient to prove then that 

\\Qn{Z-^H + \)-^Pn^ - QnPn{H + X)-^^\\ ^n-oo 0. 

This property is a corollary of the relation 

Qn{Z-^Hr, + A)-ip„$ = RMQ^P^^ -^n^oo {H + A)-i$. 

Lemma 3.15 is proved. 

Lemma 3.16. For some constant A2 the estimation \ \Qn^n\ \ < ^2||^n|| is satis- 
fied. 

Proof. Since the norm of the operator J entering to eq.(2.5) is equal to 1, the 
following estimation is satisfied for the indefinite inner product: 

I < > I < ||$„||||^'n||, ^'n,$n e Bn. 

Therefore, 

I < $n,$n > I < Pn||^ | < Pn$ > | < a| |$n 1 1 1 1 $ 1 1 • (3.23) 

for all $ e B, $n e -Sn- Lemma 3.3 implies that property (3.23) can be presented 
as 2 

\<Qn^n,QnPn^>n\<a\\^n\\\\^\\- ^' ' 

Choose $ = (7,p,0). Then Q^Pn^ = ^- Denote Qn^n = iln,Pn,<fn)- It follows 
from the second property (3.24) that: 



Yl ^n,s%9i+u - Y{ln,sPs + %P*n,s)\ < o| | (T, P, 0) 1 1 1 |$n| | • 



su=l s=l 



Choose pi''^ — dsi, 7s — 0. For different / we obtain: 

\^n,s\ < amax||(0,p('),0)||||$|U < Ci||$„|| 

for some constant Ci. Analogously, \pn,s - jy^=i7n,s9'^u\ ^ C'2||$n|| for some 
constant C2. Therefore, 

|Pn,s| < C'all^nll- 

It follows from the first inequality (3.24) that: 

\{(Pn,<Pn)\ < I E su=l ^n,s^n,m9 s+u\'^ 
I EZM,sPn,s + P*n,sln,s) \ + I |^n| P < C^\\^n\ ?■ 

1 /2 

Therefore, < C^' \\^n\\- For norm (3.6) of the vector Qn^n, the following 

estimation is satisfied: ||Qn^n||i < C'H^nll- Making use of the corollary of lemma 
3.2, we obtain statement of lemma 3.16. 
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Lemma 3.17. The sequence {^n} is of the class [^»] if and only if Qn^n ^■ 

Proof. The condition {$„} G [$] means that ||$n - Pn^W 0. It follows from 
lemmas 3.15 and 3.17 that it is equivalent to 

WQn^n-QnPnn^O- (3-25) 

Since | \QnPn^ — $| | — > according to lemma 3.6, the condition (3.25) is equivalent 
to Qn^ ^- Lemma 3.17 is proved. 

Lemma 3.17 implies lemma 2.8. 

4. Some properties of solutions of evolution equations 

This section deals with investigations of the properties of evolution operators for 
eqs.(L5), (L8), (1.10), (1.11), (1.12), (1.13). Lemmas 2.3, 2.4 and first parts of 
theorems 2,3 are proved. 

1. Investigate properties of the operators entering to the right-hand sides of 
evolution equations. As usual, wc call operators which are self-adjoint with respect 
to the indefinite inner product in B or i3„ as J-self-adjoint operators, while operators 
being self-adjoint with respect to the inner product < ■, ■ >Cm or < -, ■ >/:^ will be 
called iJ-self-adjoint. 

Lemma 4.1. The operators Z~^Hn and H are J-self-adjoint. 

Proof. It follows from [18] that it is sufficient to check that the bounded operator 
{Z~^ !{„,-{- X)~^ is J-self-adjoint for some real A. Lemmas 3.3 and 3.7 imply that this 
property is equivalent to selfadjointness of the operator Rn{X) : (7, p, </?) i— ^ (7, p, (p) 
with respect to the inner product < •, • >n- To justify the latter property, it is 
sufficient to check that for all ^» = (7, p, (p) the inner product 

m m 

< ^,(A)cI. >,= ^ 7:%gi% - J2i<Ps + 7aP:) + ^) (4.1) 

SU=1 8=1 

is real. It follows from (3.11) that: 

sprn *~ (n) _ )^sprn (n) , v-m (n) 

2^su=l Isluyg+u — ^ 2^su=l IsluiJs+u ^ 2^su=l iJs+u-llslu^ 

~* (n) ~ ('^) ~ 

l^u=l 9m+ulu 7l l^u=l 9u lu- 

s=l 7s = l^s=l ^^sPs + 2^s=l Is+lPs + CmPm- 
8=1 lsP*s = Es=2 lsP*s-l + A }2s=l lsP*s + 

u=i 9u 7u- 

((^, 0) = (0, (T + X)0) + C*^{pm + Z2m 

Therefore, expression (4.1) is real. 

Self-adjointness of the operator H is checked analogously [4,7]. Lemma 4.1 is 
proved. 

Lemma 4.1 and analog of the theorem for the Pontriagin spaces [19] imply state- 
ments of lemmas 2.3 and 2.4. 
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Lemma 4.2. The operator ^Hn is presented as a sum 

Z-^Hn = Hl + Hl (4.2) 

of a H -self-adjoint operator and a bounded operator H^; for some n-independent 
quantities Bi and B2 

Hl>B^,\\Hl\\<B2. (4.3) 

The operator H is a sum Hi + H2 of a H -self -adjoint operator H\ being semi- 
bounded below and a bounded operator H2 ■ 

To prove this lemma, let us prove lemmas 4.3-4.7. 

Lemma 4.3. The function /(A) = A(x,T-^(T + X)~^x) 

increases and tends to 

infinity as A — > 00. 

Proof. Since the operator T is positive and self-adjoint, the difference 
/(Ai) - /(A2) = (Ai - A2)(x, f-'^+\f + Ai)-^(T + A2)-^)x) 

is positive as Ai > A2. Thus, / increases. 

Check that /(A) tends to infinity as A — > 00. Suppose, that /(A) < C for some 
C. Then the property of positive definiteness of the operator T implies that for all 
b 

X{x,f-'^9{b-f){f + X)-\)<C. 

Consider the hmit A — > 00. We find: {x,T~'^0{b — T)x) < C. According to corollary 
of lemma 3.5, we obtain a contradiction with the condition x ^ 'H~'^. Lemma 4.3 
is proved. 

Lemma 4.4.. For all C > there exist some Aq and uq such that for all A > Aq 
and n>no /n(A) = A(xn,T-^(T + X)-'Xn) > C. 

Proof. Suppose that for some C for all Aq and uq there exist such A > Aq and 
n > no that fn{X) < C. Analogously to the previous subsection, we justify that 
the function /^(A) is increasing. This implies that /n(Ao) < C. Therefore, for some 
sequence — > 00 /np(Ao) < C. Consider a limit p — > 00. We find /(Aq) < C for 
all Aq. Lemma 4.4 is proved. 

Let $ = {-f,p,(p) e B. Denote = Rn{X)^ = {%{X), pn{X),(fin{X)) e B. is 
determined from the system (3.11). 

Lemma 4.5. For some constants Xq, uq and A/^ for A > Aq and n > uq the 
operator Rn{X) is well-defined and obeys properties: 

\c^\ < AaW^W-i 

, l^n I =i ^411^111, .X 

|c-|||AT— (T + A)-iXn|| < A4||$||i ^ • ^ 

Proof. It follows form the system (3.11) that c!^ = {an{X))~^bn{X), where an{X) 
has the form (3.13), while 

bn{X) = (t— (f + A)-lXn, ^) + Er=l(-A)-^Pm-.+l + 

2^s=l 1^1=1 9s (.-X) lfs+l-1- 
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For some A^, the following property is satisfied: 

K{x)\<{\\f-"^{f + xy'xn\\ + A,x-')m\^. 

Obtain an estimation for an (A). 
1. At /c = 2m 

^2m,n — 0- Lemma 4.4 implies 

an(A) > liXn, f-'^'if + X)-\n) + \, 

for sufficiently large Aq and no- Therefore, 



\hn{X)/an{X)\ < 2AiA-i||$||i - 2||T "-(T + A) Xnll 



l$l 



The inequalities ||f-"^(f + A)-ixn|| < lir-^^-^Xnll < Ci, X\\f-'^{f + X)-^Xn\\'^- 
(Xn,T-2-(f + A)-ixn) ^ _(;^^,f-2-f (f + A)-2xn) < imply eq.(4.4). 
2. Let A; = 2m+ 1. Then 

(-A)-ia.(A) = El^i' gi'^H-Xy-'-''^ + {Xn,f-^^-\f + X)-'Xn) > 

|(Xn,T-'--^(T + A)-lXn) + i 

We obtain the following inequality: \bn{X) / an{X)\ < A~^C2||$||i and eq.(4.4). 

Existence of the operator Rn{X) for A > Aq and n > no is a corollary of the 
proved property a^(A) 7^ 0. Lemma 4.5 is proved. 

Lemma 4.6. For some constant B3 the following property is satisfied: 

A||itn(.Aj||i - SUp^gg ||<^||^ < -D3- 

Proof. It follows form the second equation of the system (3.11) that A|7„^„j| < 
Ci| |$| |i. We obtain from the first equation by induction that A|7n,s I < Cill^lli for 
s = l,m — 1. It follows form the positive definiteness of the operator T and from 
the third equation that 

\X0niX)\\ < ||A(f + A)-Vl| + |c;r(A)|||T-"^A(f + A)-ixn|| < 

||(^|| +^4p||l < (^4 + l)||$||i. 

The latter equation of the system (3.11) implies: A|pn,i| < C'sH^Hi- The 4-th 
equation implies A|pn,s| < (^411^111) s = 2,m. We obtain statement of lemma 4.6. 

Corollary of lemma 3.2 implies 

Corollary. For some constant B4 the following property is satisfied: A||-Rn(A)|| < 
54. 

Lemma 4.7. There exist constants B^, Xq and uq such that for A > Aq and n > uq 

A||(A + Z-iifn)-^||<i?5, 

X\\{X + H)-^\\<B,. ^ • ^ 

Proof. Lemma 3.11 implies the second property of (4.5). It follows form lemmas 
3.14, 3.16 and 3.7 that 

^\\{^ + '^n ^n) II - SUp^^^gg^^ P^^jl S 

A3||Q»A(A+Z-ijj-„)-i^„|| _ A3||Afl„(A)Q„-^^|| ^ p . 
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Lemma is proved. 



Proof of lemma 4-2. By Rn we denote the orthogonal with respect to the inner 
product (2.2) projector on the subspace JC!^, by R:^ denote the orthogonal projector 
on )^. Set 

— ^n^Hn — = R^iZ~^Hn + Z~^HnRn + RnZ~^HnRn- 

Check that the operators Hi and H2 obey the properties (4.3). Since the inner 
products < ■, ■ > and < ■, ■ >£» coincide on (£^)^, iff is a if-self-adjoint operator. 

Find an estimation on the norm of the operator H^. The operator Rn is rewritten 

as Rn = — X]i^=i ^i^^ < Sj"'*! > where M^^^ is a matrix being inverse to 

(3.22), ej"^ = {ZnHn + \)~^Pn{H + A)ei. For the norm of the operator Z'^HnRi, 
we obtain the following estimation: 
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\\Z-^HnRl\ \ <mV.ax|M^VFll^n^^nef^||mp||e5"^||. (4.6) 
Since m/"^ ^n^oo ^ii, 



ij n — >oo ^tj ; 

Z-^Hne^r^ = Pn{H + A)e, - Xe^\ 
\\e^^\\<\\{Z-'Hn + X)-'\\\\PnmH + X)e\\, 

the quantity (4.6) is bounded uniformly with respect to n. An analogous estimation 
can be obtained for norms of the operators Z-^HnPi rIz-^HuRI- Therefore, 
ll^^ll<5. 

To check that the operator is semi-bounded below, present it as a sum of 
an absolutely convergent in the norm-topology series: (A + Hn)~^ = YlT=o(^ 
Z-^Hn)~^{Hl{\ + Z-^Hn)~^f provided that A > BB^ and A > Aq. Namely, 
for this case the norm of the k-ih term of the series is not larger than 



k ofcH 



B^B 
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Therefore, for sufficiently large A and n > uq the resolvent of the if-self- adjoint 
operator H^^ is bounded. Therefore, the spectrum of the operator H^^ is semi- 
bounded below by an n-independent quantity. Analogously, we prove statement of 
lemma 4.2 for the operator H. Lemma 4.2 is proved. 

Without loss of generality, suppose that the quantity C entering to lemma 4.2 
obeys the property C > 0. Otherwise, one can redefine the operators if^ and H^. 

Representation (4.2) and results of [22] imply the following properties of evolution 
operators for eqs.(1.8) (1.13) on [0,t]. 



Lemma 4.8. The following properties are satisfied: 

II < AB-C)t ||e-*^|| < e^^-^^* 



Proof. It was shown in [22] that if T is a generator for a one-parametric semigroup 
e~^* such that 

||e-^*|| < Me^*, (4.7) 
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while ^ is a bounded operator, then T + A is also a generator of a semigroup. 
Moreover, ||e-(^+^)*|| < Me^^+^H^I^^ The operator iH^ for the case of a H- 
self-adjoint is a generator of a one-parametric semigroup of iif-unitary opera- 
tors. This means that property (4.7) is satisfied for M = 1, /3 = 0. Therefore, 
||e~**-^n ''^"11 < e'l''^"'!* < e^*. The second inequality is checked analogously. 

Since the operator Hi satisfies the property Hi > C, it is a generator of a 
one-parametric semigroup, while ||e~-'^"*|| < e~'~"^. We prove lemma 4.8. 

Nota also that since H^ + H^ is a generator of a one-parametric semigroup, 
there exists a unique solution of the Cauchy problems for eqs. (1.13) and (1.11) for 
$„(0) e D{H^ + H^). This solution continuously depends on the initial conditions. 
Lemma 2.10 is proved. 

To prove lemma 2.11, justify some auxiliary statements being analogous to [27]. 

Consider the following differential equation in the Banach space B 

m^D{A)GB, te[0,T]. (4.8) 

with closed operator A. 

Definition 4.1. We say that the Cauchy problem for eq.(4-8) is formulated uni- 
formly correct if for all $(0) and $(0) from D{A) there exists a unique two times 
continuously differentiable function $(t) G D{A) satisfying eq.(4-8) and initial con- 
ditions. The dependence o/$(t) from initial conditions is uniformly continuous. 

Define on D{A) the operators V{t) and W{t) from the property (2.8), $(t) = 
V{t)^{0) + W{t)^{0). Denote by V{t) and W{t) the operators from D{A) to B 
which are defined from the relation 6(t) = V{t)^{0) + W{t)^0). 

Let B be a Hilbert space. 

Lemma 4.9. Let A be a H -self-adjoint semi-bounded below operator in B: A > 
Ci > 0. Then the Cauchy problem for eq.(4.8) is uniformly correct and 

\\V{t)\\<l, \\W{t)\\ <l/^i. (4.9) 



Proof. The function of the form 

$(t) = cos(A/It)$(0) + ^^^(^^) ^(Q) (4.10) 

vi 

is a solution of the Cauchy problem for eq.(4.8) [27]. Prove the property of unique- 
ness. Let $(0) = 0, 6(0) = 0. Consider the function f{t) = i($(t),$(f)) + 
i($(t), i$(t)). It satisfies the conditions /(O) = 0, df/dt = 0. Therefore, f{t) = 0. 
Since the operator A is semi-bounded below, one has ($, $) = 0, ($, A$) = 0. 
Therefore, $ = 0. The property of uniqueness is proved. It follows from the ex- 
plicit form of solution of eq.(4.10) the property of uniform correctness of the Cauchy 
problem and relations (4.9). Lemma 4.10 is proved. 

Suppose that there exists such ( that the operator {A-\- is well-defined. 
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Lemma 4.10. Let the Cauchy problem for eq.(4-8) be uniformly correct. Consider 
the equation 

"^'^^^^ + $(t)eD(i)cB, te[0,T]. (4.11) 



where $,{t) G _D(A^). {A + C)^^(^) is a continuous function on [0, T]. Then the 
Cauchy problem for eq.(4-ll) has a unique solution of the form: 

^t) = V{t)^0) + W{t)^{0) - I dTW{t-T)i{T). (4.12) 

Jo 



Proof. The uniqueness is obvious. Let $i and $2 be two solutions of the Cauchy 
problem. Then their difference satisfies eq.(4.8) and zero initial condition, ft follows 
from uniform correctness of the Cauchy problem for eq.(4.8) that $1 — $2 = 0. 
To prove lemma, it is sufficient to justify that the function 

$(t) = - / dTW{t-T)^{T) 

Jo 

obeys eq,(4.11) and zero initial condition. Check that 

Jo 



dt 



Consider the difference 



-^(i±^g^ + $(t) = 

/r'* llWit + St- r)e(r) + dri '^i^+st-r^-mt-r) _ _ ^))^(^) ^ 
dsW{dt{l - s))C{t + Sts) + /o dr ds{W{t + 5ts - r) - W{t - t))^(t) = 

/o dsw{5t{i - smt) + Jo dsw{5t{i s)mt + sst) - m)+ 

St Jo dT ds /o ds'AW{t + s'5t - t)^{t). 
The norm of this expression is not larger than 

flds\\w{5t{i-s))\\{\m\\ + mt+s5t)-m\\+ 

6t /o dr /o ds ds'\\AW{t + s'St - t)^{t)\\. 

According to the Lesbegue theorem (see, for example, [28]) this expression tends 
to zero as 6t — > 0. Therefore, property (4.13) is checked. Initial conditions are 
obviously satisfied. Check eq.(4.11). One has: 

_ Ht+st)-Mt) _ _ ^(^) ^ ji ds{w{5tii - sma + s5t) - m 

+ /o dr ds{-W{t -T + sSt) + W{t - t))AC{t). 
According to the Lesbegue theorem, this expression tends to zero. Lemma is proved. 
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Corollary. Let the function $,{t) & B is continuous on [0,T], while the function 
^(t) is a solution of eq.(4-ii)- Then formula is satisfied. 

Proof. It is sufficient to consider the case if initial conditions vanisli: tlic general 
case can be reduced to it by the substitution of by -y(t)$(0) - VI/'(t)$(0). 
Consider the function v(t) — {A-\- satisfying the following equation: 



d?v{t) 



Av{t) + {A + C)-'m, 



and zero initial condition. Therefore, 

Vit) = -{A + f dTW{t - T)e(T). 

We obtain statement of corollary. 

It happens that the condition that {A + C)~^^ is continuous can be substituted 
by the condition that ^ is two times continuously differentiable. 

Lemma 4.11.. Let all the conditions of lemma 4-10 be satisfied, except for continu- 
ity of {A + Q~^^. Let also the function ^{t) he two times continuously differentiable 
and ^(0) e D{A). Then statement of lemma 4-10 is satisfied. 

Proof. The property of uniqueness of the solution of the Cauchy problem is checked 
analogously to lemma 4.10. Corollary of lemma 4.10 tells us that the solution of the 
Cauchy problem is given by formula (4.12), provided that it exists. It is sufficient 
then to check that expression (4.12) satisfies eq. (4.11) and initial condition. It is 
sufficient to consider the case $(0) = 0, $(0) = 0. Denote Wi{t) = £dTW{T), 
W2{t) = /J" Wi{t). Substituting ^{t) = ^(0) + J^dr^ir), we find: 

[ dTW{t-T)C{T) ^Wi{t)C{0)+ I dsWi{t- s)i{s). 
Jo Jo 

Applying this formula again, we obtain: 

lo W{t - r)ar)dr = 
W^{t)m + W2{t)m + jldsW2{t-s)'i{s). 

It follows from the definition of the operator W that it satisfies the following equa- 
tion: 

W{t)^ = -iW(t)$, $ G D{A) (4.15) 

and commutes on D{A) with the operator A. Integrating twice eq.(4.15), we find: 

-AW2{t) = W{t) - W(fd) - W{Q)t = W{t) - t (4.16) 

on D{A). The operator (4.16) is bounded and can be therefore continued on B. It 
follows from eqs.(4.16) and (4.14) that 

-i/JW(t-r)^(r)dr = 

ds[w{t -s)-{t- sMs) + w{t)m + mt) - mo). ^ ' ' 

Furthermore, 

^ - ^)dr] = W{t)m + W{t)m + £ W{r)i{t - r)dr. (4.18) 

Comparing eqs.(4.17) and (4.18), we obtain statement of lemma. 
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Lemma 4.12. Let the operator A be a sum of a H- self- adjoint semi-bounded below 
operator Ti > Ci > and a bounded operator T2, \\T2\\ < C2. Then the Cauchy 
problem for eq.(4-8) is uniformly correct and 

\\V{t)\\ < e^^VVcT^ \\W{t)\\ < e^2*/^/^. 



Proof. According to corollary of lemma 4.10, the function is a solution of the 
Cauchy problem for eq. (4.8) if and only if 

$(t) = Vi(t)$(0) + M/i(t)$(0)- / dTWi{t-T)f2^{T), (4.19) 

^0 



where Vi{t) = cos{VT\t), Wi{t) = ^M^^i . The abstract Volterra equation (4.19) 

has a unique solution (see, for example, proof of [28]), which can be presented as a 
sum of an absolutely convergent in the norm-topology series: 

m = Er=o(-ir /t..,>„,>.„>0 - ^l)^2...W^l(Tn-l -T^T^ 

x(Fl(Tn)$(0) + Wi(Tn)$(0)). 

Therefore, 

mm < En=o ^^S^ = e^^'/^/vci. 

Lemma 4.12 is proved. 

Lemmas 4.12 and 4.2 imply 

Corollary. The statement of lemma 2.11 is satisfied. Fort G [0, T] there exists an 
n-independent quantity M such that 11^(^)11 < M, \\V{t)\\ < M, ||W^n(^)|| < M, 

\\wm<M. 



5. Convergence in generalized strong sense. 

Let us justify the property of generalized strong convergence of the operators 
Urn Vn and Wn entering to theorems 1-3. Let us first investigate some properties 
of generalized strong convergence. Formulate an analog of the Banach-Steinhaus 
theorem. 

Lemma 5.1.. Let : B — > Bn, n = 1,2, ... be a sequence of operators satisfying 

the property \\An\\ < M < 00 for some n-independent constant M; V G B - is a 
dense subset ofB, \\Ay^v\ \ -^^,^00 forv e V. Then \ \Anv\\ -^n^QQ for V ^ B. 

Proof. Let v E B, e > 0. Choose such v' G V that Hf — < Choose such no, 
that for n > no \\Anv'\\ < e/2. Then ||yln^'|| < H^n^^'H + mn||||^' - ^''H < £• We 
obtain statement of lemma. 

Remarks. The proof of ref. [26] of the Banach-Steinhaus theorem cannot be 
generalized to the case of {Pn} - strong convergence. Proof of [23] uses also the 
condition ||Pn'*^|| ~^n^oo lbll- 
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Lemma 5.2. Let : B — > Bn, n = 1,2, ... be a sequence of operators satisfying 
the following property: for each v E B the sequence ||^n'*^|| is bounded. Then 
ll^nll ^ M for some n-independent quantity M. 

Proof, is analogous to [26]. 

Lemma 5.3.. Let : Bn — > Bn, n = 1,2,... be a sequence of operators which 
{Pn}-strongly converges to the operator B : B ^ B. Then the sequence \ \BnPn\\ is 
bounded. 

Proof. Denote A„ = BnPn- For all v e B — PnBv\\ -^n^oo 0, so that the 

sequence | lA^t; — P„5t'| | is bounded, | lA^f — -Pn-Bt;| | < M. Therefore, < 
I \AnV — PnBv\\ + 1 |Pn| 1 1 l-^'^^l I ^ M + a| 1 1. Lemma 5.2 implies statement of lemma. 

Lemma 5.4. Let Un € B^, n — 1,2, ... is a sequence of vectors from the class [u\, 
u E B, An : Bn Bn, u = 1,2, ... is a uniformly bounded (\\An\\ < M) sequence 
of operators which {Pn}-strongly converges to the operator A : B ^ B. Then the 
sequence {AnUn} is of the class [Au]. 

Proof. One has: 

I l^n'^n -fn^'^l | — \ |^n| 1 1 1'^n -Pn'^l | ~l~ | \ AnPn'^ -f'n^'^l | ^n— >oo 0. 

Proofs of theorems 1 and 2 are identical to ref.[22]. 

Proof of theorem 3. Let v E B, Q satisfy the condition a(A) ^ 0. Consider the 
function Wnit) of the form 

Vn{t) = Vn{t){Z-^Hn + Pn{H + C)"'^' - (^n '^n + 0~^PnV{t){H + C)-'^. 

It obeys the following condition 

' =Z-^HnWn{t)+in{t). (5.1) 



d''Vn{t) 



df^ 

where 

Ut) = {Pn{H + C)-' - {Z-^Hn + Cr^Pu)V{t)v. 

The initial condition for eq.(5.1) has the form Vn(fi) = 0, 'Un(O) = 0. Corollary of 
lemma 4.10 implies that 

Vn{t)= [ dTWn{t-T)^n{r). 

Jo 

Therefore, 

\\wnm<M ['dT\\Ur)\\. (5.2) 
Jo 

For each r ||Cn(^)|| tends to zero because of lemma 3.15. Furthermore, 

||en(T)|| <(||(^-^^n + C)-'i'n|| + ||i^n||||(^ + 0"'ll)^ll^ll, 
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so that the sequence ||Cn(''')|| is uniformly bounded according to lemma 5.3. The 
Lesbegue theorem (see, for example, [28]) implies that the integral in the right-hand 
side of formula (5.2) tends to zero. Therefore, ||f„(t)|| ^„^oo 0; so that 

\\Vn{t){Z-^Hn + Cr'Pn'^ ' {Z-^ + C)"' V(t)$| | ^n^oo 0. (5.3) 

for $ = {H + C)~^'*^- Property (5.3) is satisfied for all $ G D{H), on the dense 
subset of B. Therefore, property (5.3) is satisfied for all ^ e B. Furthermore, 



I \Vn{t){{H + Q-'Pn - Pn{H + C)-')$| I ^n^oo 0, 
[Z-^Hn + Cr^Pn - Pn{H + C)-')^(t)^|| ^n-oo 0. 



(5.4) 



Eqs.(5.3) and (5.4) imply that 

\\{Vn{t)Pn - PnV{t))^\ ^n^oo (5.5) 

under condition ^ = (H + C)~^^- Relation (5.5) is satisfied on the dense subset 
D{H) of B. Therefore, it is satisfied on B. First statement of theorem 3 is proved. 
Second statement is proved analogously. 

This work was supported by the Russian Foundation for Basic Research, project 
99-01-01198. 
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